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1. ???? 1
2009 ? 01 ? 25 ?
???????????????????
?????? ??????? ????
1 ????
??????????
ut + f(u)x = 0 (1)
???????????????? u = u(t; x)?????? N ????????t > 0,
x 2 R ? 2 ??????f(u) ? u ???? C2 ???????
??? (1) ????????????? (????????????) ???????
????????????????????????
ut + f(u)x = "uxx (2)
(" > 0) ????????????? ("! +0) ??? (1) ?? (??) ???????
?????????????Glimm ???????? (front tracking method) ???
???????????
??????????????? (1) ??????? (2) ????????????
????" ???????????????????????????(2) ?????
? Glimm ??????????????????????????????????
?????? (compensated compactness theory) ?????? (2) ????????
???????
???????????????????????????????????????
???????????????????????????????????????
2. ??????????????????????? 2
2 ???????????????????????
???????? N = 1??????????????????????f(u) ???
???????????????????? ± ????
f 00(u) ¸ ± (3)
?????????
?????????? (1) ?????????????????????????
u(t; x) =
(
u1 (x < st);
u2 (x > st)
(4)
????????s ??Rankine-Hugoniot ??
f(u2)¡ f(u1) = s(u2 ¡ u1)
?????????????? Lax ?????????
f 0(u1) > s > f 0(u2)
???????????????????? u1 > u2 ?????????
???????? (x ???) ??????????????????????????
??????????????????????????????????????
? C2 ??t > 0 ??????
u(t; x) =
8>>>><>>>>:
u1 (x < at);
u^
µ
x
t
¶
(at · x · bt);
u2 (x > bt)
(5)
??????? u^(») ??
u^(») = (f 0)¡1(»)
3. CCS ??? 3
?????????x ??????????????????u^0(») ? (3) ??
0 < u^0(») =
1
f 00(u^(»))
· 1
±
???????????????
0 < ux = u^
0
µ
x
t
¶
1
t
· 1
±t
????ux ? 1=t ?????????????????????? ux = ¡1 ???
???(1) ??? ux ???????????????????????????? (2)
??? " ???? ux ?????????????????????
????????????? (1) ? Oleinik ?????????
u(t; x+ p)¡ u(t; x)
p
· M
t
(6)
(p ???????M ?????) ???????????????????????
? ux ? 1=t ???????????????????????
???? (6) ?????N = 1 ???? (2) ??????" ??????? ux ???
? 1=t ????????????????????? u ?????????????
???(2) ??????????????? 1=t ???? (???????) ????
???????????? (2) ?? u ?????????????????????
?????????? " ???????????"! +0 ???????????" ?
???????????
?????????????????????" ?????????????????
???????
3 CCS ???
??????N = 1???? (2)?? u? ux ??????????? Chueh-Conley-
Smoller ??? ([1],[2] ?????????CCS ????????????) ????
?????????? u ? CCS ???????????????
3. CCS ??? 4
???????????????? 2 ??????????????
?? 1 ???? x ???? 0 ??????????????
lim
jxj!1
u(0; x) = 0 (7)
??????u(0; x) ????????????????????? u(0; x)
????????????????
?? 2 ???? x ????????????????? L ?????
???? x ????
u(0; x+ L) = u(0; x) (8)
????????????????????(2) ?? u = u(t; x) ?????????
????? t > 0 ???? u = u(t; x) ??? 1, 2 ?????? x ????????
??? x ??????? (???????) ????
????? u(0; x) ???? um, ??? uM ????
um · u(0; x) · uM (9)
t0 > 0 ???? u(t0; x) ? x ?????????????? x = x0 ???????
????
ux(t0; x0) = 0; uxx(t0; x0) · 0 (10)
????????????? (2) ??
ut(t0; x0) = ¡f 0(u(t0; x0))ux(t0; x0) + "uxx(t0; x0) = "uxx(t0; x0) · 0
????(10) ?????? t ?????????????????????? ® ?
??
d
dt
u(t; x0 + ®(t¡ t0))
¯¯¯¯
¯
t=t0
= ut(t0; x0) + ®ux(t0; x0) = ut(t0; x0) · 0
4. ??????? 5
????????????? t ???????????? u(t; x) ?????????
?????????
????x = x0 ????????
ux(t0; x0) = 0; uxx(t0; x0) ¸ 0 (11)
??????
ut(t0; x0) = ¡f 0(u(t0; x0))ux(t0; x0) + "uxx(t0; x0) = "uxx(t0; x0) ¸ 0
????u(t; x) ????????????????????????
?? 1 ?????? 2 ????????????????????????????
????????????????????????????? t ????????
???????????????????
????u(t; x) ?????? uM ????? um ????????????????
??????????
?? 1
???? (9) ???????? 1, 2 ???? (2) ?? u(t; x) ??" ????
um · u(t; x) · uM
?????
??? CCS ???????
4 ???????
3 ???????u ??????????????????????????????
?????? CCS ?????????2 ?????? ux ?????????????
4. ??????? 6
??? (2) ? x ???????
utx + f
0(u)uxx + f 00(u)u2x = "uxxx
??????v = ux ????
vt + f
0(u)vx + f 00(u)v2 = "vxx (12)
??????? CCS ????????
?? 1 ???? 2 ?????v = ux ????? t ¸ 0 ?????????????
?????????v(t0; x) ? x ??????? V (t0) ?????????????
V (t0) ??? x = x0 ??????
??? x = x0 ?? v(t0; x) ?????????????
vx(t0; x0) = 0; vxx(t0; x0) · 0 (13)
???????????? (12)???? (3) ??
vt(t0; x0) = ¡f 0(u(t0; x0))vx(t0; x0)¡ f 00(u(t0; x0))v(t0; x0)2 + "vxx(t0; x0)
· ¡±v(t0; x0)2 (14)
????
t = t1 ?? t = t2 (t1 < t2) ?????v(t; x) ? x ??????? V (t) ????? (?
??????) ? x = x(t) ?????????????????(t; x(t)) ? (13), (14)
?????????
V 0(t) =
d
dt
v(t; x(t)) = vt(t; x(t)) + vx(t; x(t))x
0(t) = vt(t; x(t))
· ¡±v(t; x(t))2 = ¡±V (t)2
????V (t) > 0 ???????????
d
dt
Ã
1
V (t)
!
¸ ±
5. ????????????? 7
?????? t1 ?? t2 ????????
1
V (t2)
¡ 1
V (t1)
¸ ±(t2 ¡ t1) (15)
??????
????0 ?? t ??????????????? x ??????????????
??????????0 ?? t ????V ???? x ??????????????
????????????????????????????? (15) ???????
????
1
V (t)
¡ 1
V (0)
¸ ±t
??????????????????
V (t) · 1
±t+ 1=V (0)
· 1
±t
?????????ux ????? 1=t ?????????
?? 2
?? 1, 2 ???? (2) ?? u(t; x) ??" ????
ux(t; x) · 1
±t
?????
????????u(0; x) ??????????????
5 ?????????????
???????? 2 ???????? u ?????????????
5. ????????????? 8
???
¹u =
1
L
Z L
0
u(t; x)dx
? t ??????????????????????(2)???? u (???????
ux ?) ???????
d
dt
Z L
0
u(t; x)dx =
Z L
0
ut(t; x)dx =
Z L
0
(¡f(u)x + "uxx) dx
= [¡f(u) + "ux]x=Lx=0 = 0
??????????? ¹u ? u ????????u(t; x) ??? ¹u ????????
????????? 2 ??????????
u(t; x) ??????? ¹u ??????????? t ???? u(t; x0) = ¹u ???
x0 2 [0; L) ??????????x 2 [0; L] ?????
ju(t; x)¡ ¹uj = ju(t; x)¡ u(t; x0)j =
¯¯¯¯Z x
x0
ux(t; y)dy
¯¯¯¯
·
Z L
0
jux(t; x)jdx (16)
????
??ux(t; x) ?????? v+(t; x)?????? v¡(t; x) ????
v+(t; x) = maxf0; ux(t; x)g; v¡(t; x) = maxf0;¡ux(t; x)g (17)
????
ux(t; x) = v+(t; x)¡ v¡(t; x); jux(t; x)j = v+(t; x) + v¡(t; x)
????u ???????
Z L
0
ux(t; x)dx = [u(t; x)]
x=L
x=0 = 0
????
Z L
0
v+(t; x)dx =
Z L
0
v¡(t; x)dx;
Z L
0
jux(t; x)jdx = 2
Z L
0
v+(t; x)dx (18)
6. ?????????????????? 9
??????? 2 ???
v+(t; x) = maxf0; ux(t; x)g · 1
±t
(19)
??????(16), (18), (19) ??
ju(t; x)¡ ¹uj ·
Z L
0
jux(t; x)jdx = 2
Z L
0
v+(t; x)dx · 2L
±t
??????
?? 3
?? 2 ????(2) ?? u ? " ???????????????
ju(t; x)¡ ¹uj · 2L
±
t¡1 (20)
6 ??????????????????
???????? 1 ????????????? u ?????????????
??????u0(x) = u(0; x) ???????? 0 ???????????????
u(t; x) ? 0 ??????????????????? 2 ?????????????
????????????f(u) = u2=2 (???? Burgers ???) ???u0 2 L2(R)
?????????
??????
ut + uux = "uxx
????
d
dt
Z
R
u(t; x)2dx =
Z
R
2uutdx =
Z
R
2u(¡uux + "uxx)dx
=
Z
R
µ
¡2
3
u3 + 2"uux
¶
x
dx¡
Z
R
2"u2xdx = ¡
Z
R
2"u2xdx
· 0
6. ?????????????????? 10
??????? u(t; x) ? x ???? L2 ???
Z
R
u(t; x)2dx ·
Z
R
u(0; x)2dx = ku0k2L2 <1 (21)
??????5 ????? v+, v¡ ?????
Z
R
u2uxdx =
Z
R
Ã
u3
3
!
x
dx = 0
??
Z
R
u2v+dx =
Z
R
u2v¡dx;
Z
R
u2juxjdx = 2
Z
R
u2v+dx (22)
??????(21), (22), ????? 2 ????
ju(t; x)3j = ju(t; x)3 ¡ u(t;¡1)3j ·
Z
R
¯¯¯³
u(t; x)3
´
x
¯¯¯
dx = 3
Z
R
u2juxjdx
= 6
Z
R
u2v+dx · 6
±t
Z
R
u2dx · 6
±t
ku0k2L2
???????????u ? t¡1=3 ???
ju(t; x)j · C2 t¡1=3
Ã
C2 =
µ
6
±
¶1=3
ku0k2=3L2
!
(23)
??????
???????????? f ??u0 2 Lp(R) (p > 1) ??????????????
???????
(jxjq)0 = qjxjq¡2x; (jxjq¡1x)0 = qjxjq¡1 (q > 1) (24)
?????
(jxj)0 = xjxj (x 6= 0)
6. ?????????????????? 11
???
(jxjq)0 = qjxjq¡1(jxj)0 = qjxjq¡2x;
(jxjq¡1x)0 = (q ¡ 1)jxjq¡2(jxj)0x+ jxjq¡1 = (q ¡ 1)jxjq¡2 x
2
jxj + jxj
q¡1
= (q ¡ 1)jxjq¡1 + jxjq¡1 = qjxjq¡1
????????
juj ? p ????? t ???????(24) ??
d
dt
Z
R
jujpdx =
Z
R
pjujp¡2uutdx
= ¡
Z
R
pjujp¡2uf 0(u)uxdx+
Z
R
"pjujp¡2uuxxdx (25)
??????
F (w) =
Z w
0
pjujp¡2uf 0(u)du (26)
?????p > 1 ?? F ? C1 ??????
Z
R
pjujp¡2uf 0(u)uxdx =
Z
R
F 0(u)uxdx =
Z
R
F (u)xdx = 0 (27)
???????(24) ???
"pjujp¡2uuxx = "p
³
jujp¡2uux
´
x
¡ "p
³
jujp¡2u
´
x
ux
= "p
³
jujp¡2uux
´
x
¡ "p(p¡ 1)jujp¡2u2x · "p
³
jujp¡2uux
´
x
(28)
??????
Z
R
"pjujp¡2uuxxdx ·
Z
R
"p
³
jujp¡2uux
´
x
dx = 0 (29)
?????? (25), (27), (29) ??
d
dt
Z
R
jujpdx · 0
6. ?????????????????? 12
????????juj ? p ?????
Z
R
ju(t; x)jpdx ·
Z
R
ju(0; x)jpdx = ku0kpLp (30)
?????????? p = 2 ???? (21) ??????
????(24) ???
ju(t; x)jp+1 = jjujpuj = j(jujpu)(t; x)¡ (jujpu)(t;¡1)j
·
Z
R
j(jujpu)xj dx =
Z
R
(p+ 1)jujpjuxjdx (31)
?????p > 1 ???? (24) ???
Z
R
jujpuxdx =
Z
R
1
p+ 1
(jujpu)uuxdx =
Z
R
1
p+ 1
(jujpu)xdx = 0
????p = 2 ?????????
Z
R
jujpv+dx =
Z
R
jujpv¡dx;
Z
R
jujpjuxjdx = 2
Z
R
jujpv+dx
??????? (30) ??? 2 ???
Z
R
jujpjuxjdx = 2
Z
R
jujpv+dx · 2
±t
Z
R
jujpdx · 2
±t
ku0kpLp
???????????(31) ??
ju(t; x)jp+1 · 2
±t
(p+ 1)ku0kpLp
?????? u ? t¡1=(p+1) ???
ju(t; x)j · Cp t¡1=(p+1)
0@Cp =
(
2(p+ 1)
±t
)1=(p+1)
ku0kp=(p+1)Lp
1A (32)
??????
6. ?????????????????? 13
????? u0(x) = u(0; x) ????????????????????? p > 1 ??
? u0 2 Lp(R) ??????(32) ? p! 1 + 0 ?????
Cp !
s
4
±
ku0kL1 = C1
????u ? t¡1=2 ???
ju(t; x)j · C1 t¡1=2
??????
?? 4
?? 1 ????u(0; x) 2 Lp(R) (p > 1) ?????(2) ?? u ? " ????????
???????
ju(t; x)j · Cp t¡1=(p+1) (33)
??? u(0; x) ?????????????
ju(t; x)j · C1 t¡1=2 (34)
????? (Cp ? p, ±, ku0kLp ?????)?
???????????????? t¡1=2 ????????????????? N ?
?????????????? t¡1=2 ?????????????????? (????
??? [1] ??)?
???t¡1=2 ????????? (25) ??? p = 1 ?????????
d
dt
juj = ujujut
? u 6= 0 ????????????u = 0 ???????????????????
?? (26) ? F ? C1 ????????(28) ? p = 1 ??????????????
7. ???????? 14
?? p = 1 ???????????????????????? p! 1 + 0 ????
?????? p = 1 ?????????????????????????????
???? 8 ??????????
?????????G(0) = 0 ?? C1 ???? G(u) ?????
Z
R
G(u)xdx = 0
???????????????????????????? u(t; x) ???????
??? x???????????????????????? (???? [3]??)??
?????????????? u ? (1) ????????????????????
x ?????????????????????????????????????
??? (??)?
7 ????????
?????????????????????????????????????
u =
"
½
m
#
; f(u) =
"
m
m2=½+ P (½)
#
(P (½) = A½°; 1 < ° < 3)
????????????????????? (???? [1],[3],[4] ??)?
u(0; x) =
(
u1 (x < 0);
u2 (x > 0)
???????????? (Riemann ???????) ????1-wave ? 2-wave ? 2
??????????????????????????(½;m) ????? Riemann
???
w =
m
½
+
2
p
A
° ¡ 1½
(°¡1)=2; z =
m
½
¡ 2
p
A
° ¡ 1½
(°¡1)=2 (35)
?????????????
7. ???????? 15
² 1-????? w(u^(»)) = ???z(u^(»))» > 0
² 2-????? z(u^(»)) = ???w(u^(»))» > 0
² 1-????? w(u1) > w(u2), z(u1) > z(u2)
² 2-????? w(u1) > w(u2), z(u1) > z(u2)
???????????????? (t = 0 ??????????)?w, z ? x ???
???
² 1-????? wx = 0, 0 < zx · C=t
² 2-????? zx = 0, 0 < wx · C=t
² 1-????? wx = ¡1, zx = ¡1
² 2-????? wx = ¡1, zx = ¡1
????
??????????? w, z ???? 1=t ???????????????????
???? u ??????3 ??????? w ????? w ?????????z ?
???? z ???????????????????
???????????? t > 0????????????????????????
????? 2-????????????? 2-???????????????? (?
?) 1-???? 1 ?? 2-????????????????????????? t = t0
(> 0) ???????? t = t0 ? zx ? +1 ??????????? 1-??????
??????(??) 2-??????????? wx = +1 ????????
??????????????????????????????????????
????????????????????????? t = 0????????Oleinik
????????? (6)????????????????????????????
???????? w, z ????????????
???w, z ?????????? x ????????????????? u ???
????????u ???? (35) ?? w, z ??????????????????
h(w; z) ?????????? x ???????
h(w; z)x = hwwx + hzzx
8. ??????????? 16
????????????? t > 0 ???? 1-?????????
h(w; z)x = hwwx + hzzx = hzzx = hz £+1
???????????????????hz · 0 ??????????????2-?
?????????? hw · 0 ??????????
????hz · 0, hw · 0 ???????????????hz ´ 0, hw ´ 0 ?????
?????????????????????w, z ??????x ????????
????????????????????????????
????????????????????????????x ??????????
????????? " ????????????????????????
8 ???????????
????????????6?????????N = 1??????????????
??? t¡1=2 ??p! 1 + 0 ??????????????????????????
???????????????
d
dt
Z
R
jujdx · 0
??????????????????????????????????????
??????????????????????????????????????
??? D+ ?????
?? 5
f(x) ? C1 ?????
D+jf(x)j = lim
h!+0
jf(x+ h)j ¡ jf(x)j
h
=
8>><>>:
f(x)
jf(x)jf
0(x) (f(x) 6= 0);
jf 0(x)j (f(x) = 0)
(36)
8. ??????????? 17
??
f(x) > 0, f(x) < 0 ????????? x ????? f > 0, f < 0 ????? (36)
?????
f(x) = 0 ?????
D+jf(x)j = lim
h!+0
jf(x+ h)j
h
= lim
h!+0
¯¯¯¯
¯f(x+ h)¡ f(x)h
¯¯¯¯
¯ = jf 0(x)j
????
?? 6
f(x) ? a · x · b+ c (c > 0) ? C1 ?????
Z b
a
D+jf(x)jdx = jf(b)j ¡ jf(a)j
??
h > 0, a · x · b ????
¯¯¯¯
¯ jf(x+ h)j ¡ jf(x)jh
¯¯¯¯
¯ ·
¯¯¯¯
¯f(x+ h)¡ f(x)h
¯¯¯¯
¯ · max[a;b+c] jf 0(x)j <1
????Lebesgue ???????
lim
h!+0
Z b
a
jf(x+ h)j ¡ jf(x)j
h
dx =
Z b
a
D+jf(x)jdx
???????h! +0 ????
Z b
a
jf(x+ h)j ¡ jf(x)j
h
dx =
1
h
Z b+h
b
jf(x)jdx¡ 1
h
Z a+h
a
jf(x)jdx! jf(b)j ¡ jf(a)j
????
8. ??????????? 18
???? 6 ???????? T > 0 ????
Z
R
dx
Z T
0
D+t ju(t; x)jdt =
Z
R
ju(T; x)jdx¡
Z
R
ju(0; x)jdx (37)
??????????
I =
Z
R
D+t ju(t; x)jdx
???????
fx; u(t; x) 6= 0g; fx; u(t; x) = 0g
? 2 ????????? 5 ???
I =
Z
u6=0
u
jujutdx+
Z
u=0
jutjdx
=
Z
u6=0
u
juj(¡f
0(u)ux + "uxx)dx+
Z
u=0
j ¡ f 0(0)ux + "uxxjdx (38)
???????fx; u = 0g ???????????????? 7 ??? 0 ?????
?????
?? 7
f(x) ? Ck ? (k ¸ 1) ????
D1 = fx; f(x) = 0 ?? f (k)(x) 6= 0g
????????
???? 7 ?????? 8 ????????
?? 8
8. ??????????? 19
f(x) ? Ck ? (k ¸ 1) ??????? a > 0 ?????
D2(a) = fx; f(x) = 0 ?? jf (k)(x)j ¸ ag
??????????
???? 8 ??????D2(a) ????????????????????
D1 =
[
n2N
D2
µ
1
n
¶
?????????????????? 7 ???????????
???? 8 ?????????????????xn 2 D2(a) (n = 1; 2; : : :) ?????
??????xn ! p ????????????
f(xn) = 0; jf (k)(xn)j ¸ a
?????????????
f(p) = 0; jf (k)(p)j ¸ a
??????? p 2 D2(a) ????
?????f(p) = 0 ????????????
lim
x!p
f(x)
x¡ p = f
0(p)
?????x = xn ?????
f(xn)
xn ¡ p = 0
??????? f 0(p) = 0 ??????????????????????????
lim
x!p
f(x)
(x¡ p)2 = limx!p
f 00(x)
2
=
f 00(p)
2
8. ??????????? 20
?????x = xn ????????
f(xn)
(xn ¡ p)2 = 0
????f 00(p) = 0 ?????????????? f (k)(p) = 0 ??????????
jf (k)(p)j ¸ a ????????? D2(a) ??????????
?? fx; u = 0g ????? 0 ??????(38) ??
I = ¡
Z
u 6=0
u
jujf
0(u)uxdx+ "
Z
u6=0
u
jujuxxdx (39)
?????????????
Z
u 6=0
u
jujf
0(u)uxdx =
Z
u 6=0
u
juj(f
0(u)¡ f 0(0))uxdx+ f 0(0)
Z
u 6=0
u
jujuxdx
=
Z
u 6=0
H(u)xdx+ f
0(0)
Z
u6=0
jujxdx (40)
?????????? H(u) ??
H(w) =
Z w
0
u
juj(f
0(u)¡ f 0(0))du
?????? C1 ????????
??u ? x ????????? fx; u(t; x) 6= 0g ????????????????
??????????????????????????
fx; u(t; x) 6= 0g =[
n
(an; bn)
???????? (an; bn) ?? u ????????????????
u(t; an) = u(t; bn) = 0 (41)
????an = ¡1, ???? b = 1 ???? u ???? 0 ???????????
?? (41) ???????????????????
Z
u 6=0
H(u)xdx =
X
n
Z bn
an
H(u)xdx =
X
n
[H(u)]bnan = 0
8. ??????????? 21
????jujx ????????? 0 ??? (u, ux ????????????????
?)?????I ?
I = "
Z
u 6=0
u
jujuxxdx = "
Z
u>0
uxxdx¡ "
Z
u<0
uxxdx
????????????????? (uxx ???????????????????
????)????????????????????????
I = "
Z
u>0
uxxdx¡ "
Z
u<0
uxxdx = "
X
m
Z dm
cm
uxxdx¡ "
X
j
Z qj
pj
uxxdx
= "
X
m
[ux]
dm
cm
¡ "X
j
[ux]
qj
pj
(42)
?????????? (cm; dm) ??? u > 0?(pj; qj) ??? u < 0 ??u(cm) =
u(dm) = u(pj) = u(qj) ??????
ux(cm) ¸ 0; ux(dm) · 0; ux(pj) · 0; ux(qj) ¸ 0
????????
[ux]
dm
cm
· 0; [ux]qjpj ¸ 0 (43)
????????? (42), (43) ?? I · 0 ?????? (37) ? Fubini ???????
??? T > 0 ????Z
R
ju(T; x)jdx ·
Z
R
ju(0; x)jdx
??????????
??????????????????
ju(t; x)2j = ju(t; x)2 ¡ u(t;¡1)2j · 2
Z
R
juuxjdx = 4
Z
R
jujv+dx
· 4
±t
Z
R
jujdx · 4
±t
ku0kL1
????(34) ???????????
???????????????? x ?????????????????????
????p! 1 + 0 ??????????????????????????????
9. ??? 22
9 ???
??????????????????????????????????????
??????????????????????????
??????????????????????????????????????
??????????????????????????????????????
????? (??? [5] ???? Lax-Friedrichs ??????????????)??
???7 ??????????????????????????????????7
??????????????????????????????
????????????????Glimm ???????????????????
??????????????????????????????????????
???????????????????????????????????????
??????????????????????????????
????
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